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Abstract - - We consider harmonic maps into pseudo-Riemannian man- 
ifolds. We show the removability of isolated singularities for continuous 
maps, i.e. that any continuous map from an open subset ofM. m into a pseudo- 
Riemannian manifold which is two times continuously differentiable and har- 
monic everywhere outside an isolated point is actually smooth harmonic ev- 
erywhere. 



Introduction 

Given n6f and two nonnegative integers p and q such that p + q = n, a 
pseudo-Riemannian manifold (Af, h) of dimension n and of signature (p, q) 
is a smooth n-dimensional manifold M equipped with a pseudo-Riemannian 
metric h, i.e. a section of T*M © T*Af (where is the symmetrised tensor 
product), such that VM 6 Af, h M is a non degenerate bilinear form of sig- 
nature (p, q) . Any local chart <f> : Af D U — ► I'cK" allows us to use local 

coordinates (y 1 , ■ ■ ■ , y n ) E V: we then denote by hij(y) := h^-i^) ^jj. 

We say that (Af, h) is of class C k if and only if hij is C k . We define the 
Christoffel symbol by 
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where, as a matrix, (h 1 ^) is the inverse of (hij). Then for any open subset fl 
of M m and for any C 2 map u from fl to J\f, if we note 



u 



O M 



( r) fe \ 



and T 



V 



r 5W 



and if we set Am := YZ=x J0f and T{u){Vu® Vu) := £"=i r ifc (u)g£§£, 
we say that w is harmonic into (Af, h) if and only if 



A?i + r(u)(Vu<g> Vu) = 0. 
Equivalentely we may say that w is a critical point of 



(1) 



A[u] :-- 



, / / w , - , 

riij[u[x)) y_j~ — ~ — dx ■■■ax' 



a=l 



dx a dx c 



The purpose of this paper is to prove the following result. 

Theorem 1 Let (TV, h) be a pseudo-Riemannian manifold of class C 2 , Q an 
open subset ofW m , where m > 2, a 6 fl and u a map from Q to M such that 

• u is continuous 

• u is C 2 and harmonic on Q \ {a} 
Then u is C 2 and harmonic on fl. 

Such a result would be a consequence of standard results if the map u had 
a finite energy and if (J\f, h) was Riemannian: indeed one could prove then 
that u is weakly harmonic (because the capacity of a point vanishes) and 
obtain the same conclusion by using the continuity of u, thanks to results 
in |Hj and [Zj (with present form due to S. Hildebrandt). In dimension 2 
the same finite energy and Riemannian target hypotheses lead to the same 
conclusion but without using the fact that u is continuous as proved in p. 
However the difficulty here comes from the fact that the target manifold is 
pseudo-Riemannian. In particular even if we would assume that the map u 
had a finite energy, it would not help much. 
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This result answers a question posed by F. Pedit. It is related to the con- 
struction of spectral curves associated to any torus in the sphere S 4 , a work 
in progress by F. Burstall, D. Ferus, K. Leschke, F. Pedit and U. Pinkall (see 
[2] for an exposition of these ideas). Using Theorem^ these authors are able 
to prove various results about Willmore surfaces (recall that the right notion 
of Gauss maps for Willmore surfaces is the conformal Gauss map which takes 
values into a pseudo-Riemannian homogeneous manifold, see e.g. PQ, [5] or 

0) 

Comments on the proof: our proof is based on applications of the maximum 
principle. The strategy consists roughly on the following: on the one hand 
we construct a smooth harmonic map which agrees with the initial one on 
the boundary of a small ball centered at the singularity, on the other hand 
we prove a uniqueness theorem for harmonic maps which takes values in a 
neighbourhood of a point. The uniqueness result follows from the maximum 
principle Theorem 0] which is inspired by jH] (see also [3]). This reduces 
the uniqueness problem to an estimate on solutions of elliptic linear PDE's 
on a punctured domain, given in Lemma El the result where we exploit the 
fact that the capacity of a point vanishes. The existence result is obtained 
through a fixed point argument in Holder spaces in Theorem El However in 
this result we need a uniform estimate in the Holder topology of the inital 
harmonic map. This is the subject of our key result, Theorem |21 where the 
uniform Holder continuity is established by using the maximum principle. In 
the course of this paper we give the proof of more or less standard results for 
the convenience of the reader: Lemma ^ is classical in Riemannian geometry, 
Lemmas 0] and E] are certainly well-known to specialists but I did not find 
proofs of them in the litterature. 



1 Preliminaries 

1.1 An adaptated coordinates system 

Lemma 1 Let (jV, h) be a pseudo-Riemannian manifold of class C 2 . Let Mq 
be a point in J\f, U be an open subset of M which contains M Q and ip : U — > 
W C M. n a local C 2 chart. Then there exists an open neighbourhood Uq C U 
of M with the following property (denoting by Wo '■= i>(Uo) ): VM G Uq there 
exists a smooth diffeomorphism <3>m : Wo — > Vm C W 1 such that in the local 
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coordinates y ~ (f> :— $m ° ^ £ 

<f>(M) = 0, (2) 
M°) = Vij ■= diag(l, • ■ • , 1, -1, • ■ ■ , -1), (3) 

ryo) = o, (4) 

and there exists constants Cw,Cr > independent of M such that 

VM e U , ||d$Af|U»(wb) + IM$mIU~(Vm) < CV (5) 

and 

\\dT\\ Lao(VM) < C r . (6) 

Proof — We denote by z = (#,•••, z n ) e the coordinates in the local chart 
ip : C/ — > W and by ^(z) := h^-i^ ^j) the expression of the metric. 
We look at a neighbourhood TVo of i>(M ) sucn that for all M e V ,_1 (^ / o) 
there exists a map $ M : Wo — ► ^ n such that, denoting by zm '■= i>(M), 

Vy E W 1 , \/z eW , y = $ M (z) ^ z* - 4/ = Atf + ~flj fc j/V, 

for some invertible matrix A = (Aj) e GL{n, R) and real coefficients _B* fc 
satisfying _B* fc = This map is well-defined if we choose Wo to be a 

sufficiently small neighbourhood of zm- Let us compute the expression hij(y) 
of the metric in the coordinates y % ~ T l M o i/j in terms of hij(z): 

— a z /72^ — 

Ms/) = ^Mv))QykQy[ = h Mv)) (Al + Biy) (A> + Bjy) . 

In order to achieve © it suffices to choose A 3 j such that hij(zM)A l k Aj = r\u 
(requiring also that A is symmetric and positive definite ensures uniqueness). 
Next we compute that: 

f^(0) = ^(zM)A;A k Al + h tJ (z M ) (Bl p 4 + A\B\ v ) , VM.p. 
And we deduce T) k in function of f ) k := ±h a + - ^r) at 0: 
r} fe (0) = rf l (h vq {z M )fl s {zM)A«A)Al + h pq (z M )A*B] k ) . 



Since A\ and h pq (zM) are of rank m and thanks to the relation = T^, we 
deduce that there exist unique coefficients B l - k satisfying Bj k = B k - such that 

(@J) holds. Since $m depends analytically on hij(z M ) and T % j k (z M ), Condition 
(jHJ) is obtained by choosing Wq sufficiently small. Then © is a consequence 
of®. ■ 



1.2 Notations 

In the next two sections we will use spaces of Holder continuous functions 
and of functions with higher derivatives which are Holder continuous. We 
first recall some notations and results from j^j. For any point x G M m or 

y G R n we note \x\ := v/XT^O^) 2 and \v\ '■= VT^IJjFf- 



For any a G (0, 1) and for all open subset Q C M. m , we define C 0,a (Q) to be 
the set of functions / on Q which are a- Holder continuous on O, i.e. such 
that 

r n 4. v r- n - / 
for all compact K C i2, sup — : — — < oo. 

For k G N, we let C fc,a (0) to be the set of C k functions / on Q such that 
D k f G C°' a (tt). Here V/x = (/x x , • • • , /i m ) G N m we write := /x x + • • • + /x m 
and 

D fc / : C ^ ) 

V(&' 1 )" 1 "'(ai'")'"-y„,..,^« S N,i ri . t 

We also will use the notation 

d k f 



\D k f\ := J2 

(Hi "-jMrn eN,|([i|=fc 



(da; 1 )^ 1 ■ ■ • (&r m )^" 



For ijeO, we denote by d x := dist(x, 90) and d XtV := min(d a: , dj,) and if 
a G (0,1), /? G M, fc G N, we set 

MSc :=NS:=supd^|L> fc W (x)| 

a;,yen — t/| 

l"lk,ct;fi - — \ a \k;Ci * [ u \k,a;fl- 
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We also define 

Co == e C^(0)/| W |£ ;n < oo}. 
For all a G M m , r G (0, oo) we note: 

B m (a, r) := {x G W m /\x - a\ < r}. 

We denote by uo m the measure of the unit ball B m (0, 1). We will use the 
following, which is a consequence of Lemma 6.20, Lemma 6.21 and Theorem 
6.22 in 0: 

Lemma 2 Let a, (3 G (0, 1) and Q be a smooth C 2 open domain ofW 71 . Then 
there exists a constant C > which depends only on n, Q and a such that for 
all f G C 0,a (Q) such that \f\^ a .Q < oo, there exists a unique map u G C 2,a (Q) 
which is solution of 

Au = f on Q 
u = on dQ. 

Moreover 35 > such that u satifies the estimate 

| |(-/3) < r I XI (2-/3) 

We also recall that the interpolation result Lemma 6.35 in [3] implies the 
following: if j, k G N, a, [3 G (0, 1), 7 G R then 

j + a<k + (3 =► Mg ;n <CNg ;n , (7) 
where C is a positive constant which depends only on a,/3,j, k,n. 



2 Holder continuity of the map around a 

In this section we prove that any map satisfying the hypotheses of Theorem 
^is uniformly Holder continuous in a neighbourhood of a. 

Theorem 2 Let (jV, h) be a pseudo-Riemannian manifold of class C 2 , Q an 
open subset of M m , a a point in Q and u a continuous map from Q to M 
which is C 2 and harmonic on Q\ {a}. Then there exists a G (0, 1) and an 
open ball B m (a,Ri) C Q such that u is in C 0,a (B m (a, Ri)) and |«|o,a ; B m (o,Ri) 
is bounded. 
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Proof — We apply Lemma ^ with M = u(a). Let Uq be the open neigh- 
bourhood of u(a) and ip : U — > W be the local chart as in Lemma [TJ We 
can assume w.l.g. that Q is the ball B m (a,2R), where, since u is continuous, 
R G (0, oo) can been chosen in such a way that u(B m (a, 2R)) C Uq. 

For any x G B m (a,2R), let & u {x ) ° ip '■ U — > Vu(x ) be the local chart 
centered at u(xq) given by Lemma ^ It follows from (j3J) and (jHI) that in the 
coordinate system given by $ u (x ) ° i>, 

Vy e K(, o) ,V£ g M m , |r ifc ( y )e'e fc | < c r M|£| 2 , (8) 

where Cr is the same constant as in (JBJ). We observe that, by replacing R by 
a smaller number if necessary and because of the continuity of u and of (JHJ), 
we can suppose that 

Wx,x eB m (a,2R), \® u(xo) o $ o u{x) \ < inf . (9) 

We now fix some Xo G B m (a, R) and set 

We also let, for r G (0, R], 

\\u\\ r ,x = \\u\\L°°(B^(x ,r)) '= SUp \u(x)\, 

xeB m (x ,r) 

and 

A := 2Cr sup |w(a;)|. 

x£_B m (a,2_R) 

Note that, because of the inclusion B m (x ,R) C B m (a,2R) and of ©, 

2C r r|Mk eo <A<l. (10) 

For any v G S"™ -1 C lR n we consider the following functions on Kt(cc ) C K n 
(which contains u(B m (x , R))): 

\y\ 2 \y\ 2 
f+(y) = wy) + and f-(y) = fay) - 
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Using (UJ and © we find that on B m (x , R) \ {a}, 
-A (/+(«)) = -<i/,A«>-AA(J#) 

= (v, r(«)(v« ® v«)) - a|Vu| 2 + a(w, r(«)(v« ® v«)) 

< -A|Vw| 2 + C r (|Vw| 2 + A|m| |Vw| 2 ) 

Since ||m||_r iX o < f by Q and because of (fTUj) we have A|u(x)| < |, Va; G 
B m (x ,R). So 

-A (/+(«))< f^CrlNkxo-A') |Vu| 2 <0, on 5 m (a;o, i2) \ {a} (11) 



Similarly 

-A(/_(«))>0, on J B m (a; , J R)\{a} (12) 
Now fix r G (0, -R] such that |xo| and define _D £ as follows 

• if \x \ < r, for any e G [0, r — |x |), -D £ := B m (a, e) C B m (x , r) 

• if |x | > r, we assume that e = and set D £ = D : = 0. 

And we let u £ + and u £ _ be the maps from B m (x ,r) \ D e to V u ( Xo ) which are 
the solutions of respectively 

u\ = \\u\\ R>X0 + A 11 " 11 ^'" on dD £ 
u £ + = f+( u ) ondB m (x ,r) 

-Au% = on B m (x Q ,r) \TT £ , 

ut = -IHk.o-A^fa ondDe 
u £ _ = f-( u ) ondB m (x ,r) 

-Aul = on5 m (x ,r)\5;. 

u% > f+(u) ond(B m (x ,r)_\W £ ) 
-Au% = > -Af + (u) on B m (x ,r) \D e , 

the maximum principle implies that 

u e + >f+(u) onB m (x ,r)\D' £ . 

Now we fix an arbitrary compact K C B m (xo, r) \ {a}. Then for e sufficiently 
small we have 

u £ > f+(u) on K. 
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We let e goes to 0: since {a} has a vanishing capacity, the restriction of u e + 
to K converges in L X {K) to u + := u° + (apply Lemma El to e := u £ + — u + ). 
Hence 

u + > f+( u ) on K- 

Since u and u + are continuous on B m (xo,r) and since X is arbitrary we 
deduce that 

f+(u)<u+ onB m (x ,r). (13) 

Similarly we get 

u-</-(u) onS m (x ,r). (14) 
We deduce from (0 and (JUD that for any v e S m 



U- < {v> u) — X^- 



u? „ 2 onB m (x 0) r) 



and thus 



\u\ \u\ 
u- <u_ + \—^- < {v,u) <u + - \—^- <u +1 on B m (x ,r). (15) 

Hence if we let v : B m (x ,r) — > Kt(as ) be the solution of 

v = u on dB m (xQ, r) 
-Av = on £> m (x , r), 

and Q : B m (xo, r) — > K. be the solution of 

Q =2 on9B m (i ,r) 
-AQ = onB ra (i 0) r), 

Then, since actually tt± = (i/, v) ± AQ, (|T3jl implies that 

WueS n -\ \(u,u) - (v,v)\ < XQ, onB m (x ,r). 

Hence since v is arbitrary and using the maximum principle for Q we obtain 



mil 2 

u-v\ < XQ < X ' r ' x ° , on5 m (x ,r). (16) 



2 

This implies in particular that, since u(xq) = 



mil 2 

N*o)|<A^^. (17) 
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Moreover since v is harmonic, for all x G B m (x , ~) we have (observing that 
B m (i,0cB m (i O) r)) 



dv 
dx^ 



[x 



dv 



dB m (x,%) 



^m rm JB m {x,%) 9x^ U m r T ' 

where v is the exterior normal vector to the boundary. Hence Vx G B m (xo, |), 
dv 

(./■) < 

r dB™(x,%) 



dx>* 



2 2 2 

< - sup \v\ < - sup \v\ < -\\u\ 

r B m (x ,r) r 



r,xoi 



where we used the maximum principle for v. Hence we deduce that 



\/x G B m (x , -), \v(x) - v(x )\ < 2\\u\\ r , X0 



\X — Xq J 



r 



And from (fTTj) and (fT£j) we get 



Vx G B m (xo, -), |t>(x)| < 2||u| 



X — Xq 



r,xo 



+ A- 
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If, XQ 



r 2 

Using this inequality together with (fTH|) we obtain that 



Vx G B m (xo, — ), |«(x)|<2||«| 



x — x 



r,x 



+ X\\u 



|2 



(18) 



(19) 



(20) 



We now choose any p G (0, |] and take the supremum of the left hand side 
of (|2T)|) over B m (x ,p). It gives 



Vr G (0, -R], Vp G (0, — ] 



it 



< 2||«|| P , X0 - + A||u||^ o . 



(21) 



For k G N let r k := RA k and apply (f2~TJ) for r = and p = r^+i: 

'Mir 



\u\ 



< 



\rk+l,xo — 2 

This implies, denoting by a k ■= \\\u 



°-X\\u 
that 



|2 



^ a k . 2 



(22) 



We observe that, because of its definition, a k is a positive decreasing sequence 
and, as a consequence of (0) and (jTUjl . 



afc < Allul 



1 

R,xq — ~^ 



(23) 
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We now let / : K. — > K be the function defined by /(<?) = <? 2 — § and consider 
the smooth function <ft : [0, oo) — ► R which is a solution of 

0(0) = a 

^ = /(0) = 2 -f on[0,oo). 

Lemma 3 Let (a k ) keN fre a decreasing sequence in [0, |] which satifies j f^lj) 
and 6e defined as above. Then Wk G N, 

a fc < 0(fc). (24) 

Proof of the Lemma — We show ()24|) by induction. This inequality is obvi- 
ously true for = 0. Let us assume that ({23} is true for some value G N. 
We first observe that, since /(0) = and / < on [0, |], < ao < \ implies 
that 

Vte[o,oo), o < <f>(t) < i. 

Hence 

• the fact that / < on (0, |] implies that is decreasing on [0, oo) 

• the fact that / is decreasing on [0, j] implies that / o </> is increasing on 
[0,oo). 



Thus 

And hence 



Vf e[fc,oo), fo<j>{t)>fo<l>(k). 

rk+l 

(j)(k + 1) - (f)(k) = / 0(t)dt 



Thus 



/ o 0(t) <ft 
> \ k+1 fo<P{k)dt=fo<p(k). 



^(fc + 1) > 0(fc) + = + 

Now since is true for k, i.e. a& < 0(&), we deduce that 
a k+1 = ^ + at<^ + m 2 <^k + l). 
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Back to the proof of Theorem [H — An easy quadrature shows that <f>(t) = 
2ao+ e '/°°(i-2a,,) - Hence Lemma El implies 

a k < <j>{k) < e" fc / 2 

1 — ^O'O 

and since < ao < j, we deduce that a k < 6 2 , i.e. 

IMU^ <^e- fc / 2 , VfcGN. (25) 

We now choose any r e (0, R}. Then 3!/c e N such that j£^t < r < J|. Then 
on the one hand r < ^ implies 



I "I !.■,■„ < I "I |, vi < fc/2 



by (j2SJ). On the other hand ji^- < r •<=>- > — 1 implies 

1 pl/2 / r \ 1 



2A 2A Vi? 

Hence we deduce that 

Vre(0,iZ], NU<^(£)™- 

We conclude that, since A is independent of x , u is uniformly Holder con- 
tinuous on B m (a, R). ■ 



3 Existence of a smooth solution around a 

We start with the following (classical) preliminary. 

Lemma 4 Let Q be an open subset of M. m whose boundary is C 2 . Let <p e 
C 0,a (dQ) and f be the solution of 

f -Af = 0, onQ 
\ f = <p, on dfl. 

Then f is C 2,a on Q and 

[/]£$» + + WW ^ C Mo,a; 9 n, (26) 

where C\ is a positive constant which depends only on Q. 
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Remark — We do not have an estimate on \f\2a-L- Indeed this quantity is 

in general infinite because |/|o i0 °q = sup x . g Q d~ a \f(x)\ cannot be finite unless 
the trace of / on dQ vanishes. However the maximum principle and (|2fi|) 
imply the following: 

l/l^<(l + C.(^)")l#h*». (27) 

Proof — First step : Q is a half space — We assume that Q = M.™ := {x = 
(x, t)/x G M. m_1 , t G (0, oo)}. We use Proposition 7 and Lemma 4 in Chapter 
V of |TU]: there exists a constant C' Q > such that 

sup \Df(x,t)\<C' t- 1+a \<j>\o, a ^-x, V(l,t)el™ (28) 
Moreover using the fact that Df is harmonic, Vx G we have if p := t/2, 

Trirfc) = ~~~^r / iri-(v) d v = f D f{v)^ds{y), 

6X^ UJ m p m J B ™(x,p) ox^ u m p m Jbb^(x, p ) 

which implies by (I28j) 



dx^ 



< / |fl/(v)l«k(v) 

w m/ ) JdB m (x,p) 

m „, , , , ft 



Hence we obtain that there exists a constant Cq such that 

2+a 



sup \D 2 f(x,t)\ < ^'|0| o , Q;Rm -it- 2+a , V(f,t)6i;. (29) 



A similar reasonning starting from ()29|) leads to 

sup \D s f(x,t)\ < C^|0| OlQ;Rm -ir 3+Q , V(f,i)6l™ (30) 

for some constant Cq" > 0. 

Now using (|2*8j) and (}2"9"j) we can estimate [/][ Q a ][m as follows: if a; = (x,t) 
and ?/ = (y, s) are in let d := inf(t, s). Then if \x — y\ < 2d we have by 



\Df(x)-Df(y)\ 

; < sup \D /(£, r) x - y\ 

\x — y\ a T >d 

< C'Mo, a -,R^d- 2+a (2d) 1 - a = 2 1 - a C'Mo, a -,R^d- 1 . 
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On the other hand if \x — y\ > 2d we have by (|28|) 
\Df(x)-Df(y)\ < |D/(x)| + |D/(y)| 2 _ a 



1^ — 2/| « 

2Co^~ 1+a |0|o ia;R m-i l_aw|,| ,-1 

S ^ ^ = 2 O |</>| ,a;Rm-ia . 

Thus taking into account both cases we find that [f][ ^ m < 2 1 ~ a sup(C*Q, Cg 



o 



An analog work with flU and (j3DJ instead of (J2HJ) and (J20J) leads to [/Ja^m < 
2 1 - Q sup(C^C^)|0|o, a; R— • 

The estimate for [/jo^jm follows from a slightly different argument. Again 
let x = (x,t) and y = (y, s) be in and let d := inf(i, s). If \x — y\ < 2d 
the same reasoning as above works using (J2%|) and gives 

< 2 1 ^C o |0| o , Q;Rm -i. (31) 



1/0*0 ~ f(y)\ . oJ -„,-,/| 



\x-y\ 

However if \x — y\ > 2d, then we write \f(x, t) — f(y,s)\ < \f(x, t) — f(x, 0)| + 
\f(x, 0)—f(y, 0)\ + \f(y, 0) — f(y, s)\ and estimate separately each term. Using 
again 



\f(x,t)-f(x,0)\ < I \Df(x,r)\dr 



o, 

a 



< / Co|0|o,a;R^-lT 1+Q rfr = — l^lo.ojM™- 1 ^- 



a: 



Similarly one gets 



\f(y,s) - f(y,Q)\ <^\(l>\o, a ^-is a . 



Lastly using 0) — /(y, 0)| < \4>\o )a -R^-i-\x — y\ a , one concludes that 

\mt)-f(y, s )\ < i0| OlO ^.-i f^+^+if-r 

< |0| O , a ;R— SUp M , ^ J (*« + S « + |f - . 

Assume for instance that s < t, so that d = s. Then by the Minkowski 
inequality t a + s a = d a + ((* - s) + d) Q < d a + (t - s) Q + d a = 2tf* + (t- s) a . 
Hence 

t a + s a + |f-y|° < 2d a + (t-s) a + \x-y\ a < 2d a +2\x-y\ a < {2 1 ~ a +2)\x-y\ a . 
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And we thus get 

\f(x,t) - f(y, s)\ < (2 1 -" + 2)\<f>\ 0>aiSLm -x sup ( 1, ^ ) \x - y\ a . (32) 



a 



(-a) 



So (jHIJ) and implies the result on [/] 0c ^ 

S'tep jS — estimate on an arbitrary domain — If Q is a domain with a smooth 
C 2 boundary, then using local chart and a partition of unity one can construct 
an extension g G C°' a (Q) of G C 0,a (<9f2) which satisfies 

Then the harmonic extension of <f> is / = g + h, where h is a function which 
vanishes on dQ and which satisfies — Ah = Ag on Q. Because of the previous 



estimate on g, [Ag]^ a ^ < C[\(f)\ 0)a -dQ. Now Lemma 121 implies that \hf 



< 



5\Ag\^ a .^ . Hence the estimate on / follows by summing the estimates on g 
and h. ■ 



Theorem 3 Let (Af, h) be a pseudo-Riemannian manifold of class C 2 , Q an 
open subset of IR m ; a G Q and u a continuous map from Q to Af which is 
C 2 and harmonic on Q\ {a}. Then there exists a G (0, 1) and an open ball 
B m (a, R 2 ) such that Vr G (0, R 2 ), there exists a map u G C°' a (B m (a,r),Af) H 
C 2,a (B m (a,r),Af) which is a solution of 

( Au + T(u)(Vu®Vu) = onB m (a,r) . . 

1^ u = u ondB m (a,r). 

I. e.uis a harmonic map with values in Af which agrees with u on the bound- 
ary of B m (a, r). 

Proof — Again we start by applying Lemma ^ with Mo = u(a): it provides 
us with a local chart $ u ( a ) o if on Af around u(a). We denote by y\ hij and 
T l - k respectively the coordinates, the metric and the Christoffel symbols in 
this chart. In the following we make the identification u ~ *& u / a ) ° ip ° u, so 
that we view u as a map from B m (a, R) to lR n such that u(a) =0 and the 
majorations (@J) and © hold. 
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For every r G (0, R] we let v : B m (a, r) — > M™ be the harmonic extension of 
u inside B m (a,r), i.e. 



Av = on B m (a,r) . , 

v = it on 95 m (a, r). 

We first apply Theorem |21 which ensures us that the C 0,a norm of u in a neigh- 
bourhood of u is bounded: 3a G (0, 1), 3R\ G (0, R] such that |u|o,a:;.B m (a,-Ri) 
is finite. This allows us to use Lemma 0] in order to estimate v: we will use 
the notations 

\<7l--=\<7U«,ry V ^N, and \[v]\^:=\v\^ + [v)^ + [v)^ 
and then and ()27|) imply 

Vre(0,i2i], |HU ;T - < C 2 |w|o,« ;jRi , (35) 
where C 2 = Ci + 1 + CiR a . We will denote by 

A := sup | [v] \ a . r . (36) 

r£(0,Ri] 

Our purpose is to construct the extension u satisfying (}33|) . By writing 

u = v + w, 

it clearly relies on finding a map w G C 2,a (B m (a, r), M n ) such that 
-Aw = T(v + w)(V(v + w)®V(v + w)) on B m (a,r) 



w = on dB m (a, r) 



(37) 



Let us denote by Cj^ r := C[~^ m ^ a We will construct u> in by using 
a fixed point argument. We first observe that Lemma 121 can be rephrased 
(and specialized by choosing /3 = a) by saying that there exists a continuous 
operator, denoted in the following by (— A) -1 , from C^ a ^ to C^^r which to 
each / G C^ a associates the unique solution G ^1 °f 

-A(f) = f on B m (a,r) 
=0 on dB m (a,r). 
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We will denote by 5 the norm of (—A) 1 . Hence w G C\^ r is a solution of 
(J37J) if and only if 

w = (-A) -1 (T(v + w)(V(v + w) <g) V(v + w))) . 

Note that t> does not belong to &l (because in particular the trace of v on 
dB m (a,r) does not vanish). However estimates ()35|) holds. This leads us to 
introduce the set 

S a , r := {/ G C 2 ' a (B m (a,r),R n )/\[f]\ a ., r < 00} D c£l 

where the inclusion here is a continuous embedding. We then have: 

Lemma 5 Letr G (0, R\] andwo,wi,W2 andw 3 bein£ a . r . ThenT{wQ)(Vw2® 
Vw 3 ) and T(wi)(Vw2 ® Vu> 3 ) G Cf ~^) and 

\(r(w 1 )-r(w ))(Vw 2 ®Vw 3 )\£-. a r ) < Ca^iK-woll^lHl^lHU^ 

(38) 

|r( Wl )(v«j 2 ® VW 3 )|£ ; ? < C 3 r a |H| air |Hla;r|HU ir , (39) 
where C 3 is a positive constant. 

Proof of Lemma — It follows from the interpolation inequality (J7J) that 
\Dw a \$£? < C\[w a ]\ a , r , Va = 0,1,2,3. Moreover, for r G (0, i^] C (0,E], 
estimate (0) implies that 

|(r(wi) - r(w ))|o°a;r < Crkl — ^o|o°i;r < £Cr|[ltfl ~ ^o]|a;r- 

Hence, using also the inequality |/|$JJn < |/loS;n|p|oT«;n» G M such 

that (3 + 7 > (see 6.11 in [3]), we obtain that 

I0>i) - r> ))(v™ 2 ® v W3 )lK Q) < EW - rK)lS ;r |^ 2 |fc?l^ 

< C 3 C r |[wi - W ]|a;r|[w2]|a;r|[w3]U;r- 

Thus (|3*Hj) follows from the preceding inequality and from 

\(r( Wl )-r(w ))(Vw 2 ®Vw 3 )\%-? < rl(r( Wl )-rK))(v^ 2 ®v^ 3 )lK Q) - 

And is a straightforward consequence of (J38j) and of (jlj). ■ 
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Back to the proof of Theorem^ — Lemma El allows us to define the operator 
w i — ► (-A)' 1 (T(v + w)(V(v + w)® V(u + «;))) 



and implies 



in^)lfc?<^3r a (|NU ;r 



,\ 3 

(-«) 

2,»;r 



In particular, letting B\ := {u> G C^or/IH^or — ^} ( we reca U that A 
was defined in (JHEJ)), we observe that for all r G (0, PI (0, R[] where 
R[ = (SSC-iA 2 )^ , i.e. such that in particular SC 3 r a (2A) 3 < A, 

V^gSa, \T(w)\^<A, 
which means that T maps the closed ball B\ into itself. 

Let us now prove that, for r small enough, the restriction of T on B\ is also 
contracting: writing that, Ww,w G $a, 

T(w)-T{w) = (-A)- 1 [(r(v + w)-T(v + w))(V(v + w)^V(v + w)] 
+ (-A)" 1 (T(v + w)(V(v + w) ® V(tt> - w)) 
+ (-A)" 1 (r(v + w)(V(w -w)® V(v + w)) 

and using (J3%|) we obtain, assuming that r < R\, 



|T(w)-T(w)|^ < 6C 3 r a \w-w\££(\v + w\ 



2,o:r 



CV ' Ml a ) I i l( — °)\ I ~l( —a 

+ dC 3 r Q |w - w\\ a .^\v + w| 2iQ; rl^ + w| 2 ,Q;r 

< 35C 3 r Q (2 A) 2 \w - w\i~^ r . 

Hence T is contracting if we further assume that r < R", where R" : = 
(125C 3 A 2 )~ 1/a , because it implies that 35C 3 r a (2A) 2 < 1. In conclusion 
(observing that actually R" < R[) if we let R2 '■— inf (Ri,R'{), then for all 
r G (0,i?2), r maps the closed ball $a into itself and is contracting. Hence 
it admits a unique fixed point w G £>a which is a solution of (|3~7|) . ■ 
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4 A maximum principle 



Theorem 4 Let (J\f, h) be a pseudo-Riemannian manifold of class C 2 and 
Mq be a point in M ■ There exists an open neighbourhood Um q of Mo, a local 
chart cf) : Um q — ► R n and constant a > such that for any open subset Q of 
R m and for any pair of harmonic mappings u, v : Q — ► (Um q , fkj) (i.e. which 
satisfy £]])), then the function f : Q — ► R defined (using u ~ (f) o u and 
v ~ 4> o v ) by 

fix) := (a 2 + \u(x)\ 2 )(a 2 + \v(x)\ 2 ) H%) ~ v{x)l \ Va; G £2, (40) 
satisfies the inequality 

- div(pVf) < 0, on tt, (41) 

where 

1 1 

2 i I I \\2 2 t \ ( M2 ' WX e a 

a z + \u{x)\ z a z + \v [x)\ z 

Remark — Note that here | • | is an Euclidean norm on Um which has nothing 
to do with the metric h on Af. More precisely, assuming that 0(Mo) = 0, for 
any points M. M t U Mo we set (M, M) := (0(M) -0(M O ), 0(M) -<j>{M Q )) = 
(0(M),0(M)), |M| 2 := |0(M)| 2 = ((f)(M),<j)(M)) and \M - M\ 2 := |0(M) - 
0(M)| 2 . 

Proof of Theorem^ — Again we first apply Lemma [T] around M : it provides 
us with a local chart <fi : U' M — > R n such that 0(M O ) = and estimates 
and © on the Christoffel symbols Y l - k hold. We fix some a G (0, oo) which 
is temporarily arbitrary and whose value will be chosen later. Then given a 
pair of harmonic maps u, v : Q — > (U' M , hij) we compute div(pV/), where 
/ is given by (|4()jl . We first find that 

r-, r i r-,i w i \i ( (u,Vu) (v.Vv) 
pVf = (u-v,V(u-v)) + \u-v\ 2 ( \' ' + 



a 2 + \u 2 a 2 + H 
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Hence (by using the notations (•, •) for the scalar product in W 1 and • for the 
scalar product in W rn ) 

div(pV/) = |V(u - v)\ 2 + (it - v, A(u - v)) 

r-,, u / (u.Vu) (v.Vv) 
+ 2(u - v, V{u - v)) 1 



+ \U -V\ 2 I ' ' + ; ; ,' ln + ' n ~ j ',„ + 
Ot _|_ 



|(«,V 



u 



12 



a 2 + 


ii 2 




2 


a 2 + | 


f 2 



a 2 + |f | 

|Vw| 2 \Vv\ 2 ' (u,Au) (v,Av) 





<u,Vu) 




(a 2 + 


v\ 


2y 



-2 

= G 1 + G2 + 5 1 + 5 2 + fi 3 + 54, 

where the "good" terms are 

G 1 :=\V(u-v)\ 2 , G 2 :=\u-v\ 2 (^^- + 

\cr + \u\ z 

and the "bad" terms are 

B\ := (u — v,A(u — v)) 

B 2 := 2(u-vy(u-v))-( \' 2 + 

(m, Am) (f , Aw) 





Vu 


2 


a 2 + | 




2 



i?3 := |u — v 



2 



a 2 + Iwl 2 a 2 + If I 2 



R 9| ]2 f l(^V M )| 2 , |<u,Vu)| 

-t>4 := —Z\u — i> 



a 2 + |w| 2 ) 2 (a 2 + |u| 2 ) 2 

We now need to estimate the bad terms in terms of the good ones. We let 
R G (0, oo) such that (f>(U' M ) C B n (0,R). We shall assume in the following 
that 

\u\ < r and \v\ < r for some r G (0, R), (42) 

where r has not yet been fixed. In the following we will first choose a in 
function of Cr and R, and second we will choose r in function of a, Cr and 
R. 

Estimation of B 1 

We have 

-A(u-v) = r(u)(Vu® Vu) -r(u)(Vu <8) Vu) 

= r(«)(v« <g> v(« - «)) + r(«)(v(« - u) <s> Vu) 
+ (r(u) -r(u))(Vu (8> Vu). 
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And because of (jlj) and (JBJ) which implies \T(y)\ < Cr\y\ and \T(y) — T(y')\ < 
Cr\y — y'\ on U' Mo , we deduce that 

\A(u-v)\ < C r \u\(\Vu\\V(u-v)\ + \Vv\\V(u-v)\) 
+ C T \u-v\ \Vv\ 2 . 

Using (}4*2*)) and a symmetrisation in u and t> one is led to 

|A(w -v)\< C r R\V(u - v)\ (|Vu| + |Vv|) + -y |u - v| (|Vw| 2 + |V*;| 2 ) . 
Hence we deduce using Young's inequality that 
\Bt\ < C r R\u-v\ \V(u-v)\ (\Vu\ + \Vv\) + ^\u~v\ 2 (|Vw| 2 + \Vv\ 2 ) 
< |V(M ~ V) \ 2 + 2C 2 R 2 \u - v\ 2 (\Vu\ 2 + \Vv\ 2 ) 
+ ^| u _ u |2(| V n| 2 + |V^| 2 ). 

We choose a G (0, oo) sufficiently small so that ^2 > 4 (2Cpi? 2 + ^) and 
we impose also that r < a. Then by (J42)) 



G?i \u-v\ 2 ( |Vw| 2 |Vw| 2 \ G x G 2 



and thus 

| Bl |<^ + ^^_i_^ + _i_^_J = ^ + - (43) 
Estimation of B 2 

Using again Young's inequality we obtain 

\B 2 \ < 2\u-v\\V(u-v)\ 

< ' ^ 2 ^ +2|u-r|- ( -LJJ_L + 

— "2" + p — f I 

We further impose that r < f . Then by 

4|w| 2 4|w| 2 4r 2 1 



\u\ \Vu 




a 2 
f 1 


+ 


u| 


|Vu| 


V« 2 + 


u 2 



A\u\ 


2 \Vu 


2 


(a 2 +\ 


u\' 


2^2 



A\v\ 


2 \Vv 


'I 2 


(a 2 - 






2^2 



a 2 + \u\ a 2 + f 2 a 2 4 



< TT < 7 (44) 
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and 

\B 2 \ <^-+ u-v 2 [- ' + - I ) = -± + -±. 45 

2 \4a 2 +|u| 2 4a 2 + H 2 / 2 4 

Estimation of £> 4 

We first write 

\BA < 2\u-v\ 





u 


2 




2 


a 2 


+ 




2 a 2 + | 


u\ 


2 





v\ 


2 


\Vv 


2 


a 2 


+ 




2 a 2 + \ 




2 



and using the fact that ^"^p > < ^ because of (jHJ), we deduce that 

1541 - ~ T" l^TH 1 + ^TKf J = T" (46) 

Estimation of B 3 

We use that 

|A«| = |r(«)(V«® V«)| < C r |u| |Vm| 2 
and thus |(u, Aw)| < |w| |Aw| < Gr|w| 2 | Vw| 2 and similarly Au)| < Cr|v| 2 |Vv| 2 . 



Hence by 



B 3 \ < C r \u-v\ 2 [\u\ 2 -t rit + \v 

\ cr + \u\ z 

< G r r z kt- vr „ i , + 



a 2 + |u| 
|Vtf 



v , , „ a 2 
We further require on r that C T r 2 < \. Then 



Conclusion 

By choosing 



\Bs\ < ^- (47) 



a < - == ==, r <inf(i2,^-^=), (48) 



2 V /2C 2 J R 2 + C r ~ V 4 2^C-_ 
we obtain using (pEfi j) and (j47 )l that 

div(pV/) = G 1 + G , 2 + 5 1 + fi 2 + 53 + 5 4 
> Gx + G 2 







/ Gi 




G 2 


G 2 


u 




I 2 




4 


8 
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Hence ()41|) follows by choosing Um '■= {M G U' M /\(j)(M)\ < r} where r 
satisfies (gHJ). ■ 



5 A result related to capacity 

We prove here the following result. 

Lemma 6 Let Q be an open subset ofW 71 , for m > 2. Let p G C 1 (fi,lR) be 
a function satisfying < A < p < B < oo. Let a G £1, Eq > such that 
B m (a,e ) C Q and, for all e G (0, e ), fi £ := O \ 5™^I)_ 
Let (0 £ ) £e (oe ) ^ e a, family of functions (p £ G C 2 (f2 £ ) n C°(n e ) snc/i i/iai 



where M > is a constant independant of e. Then for all compact K C 
Q \ {a} and for e G {0,Eq) such that K C f2 e , i/ie restriction of <p e on K 
converges to in L l (K) when e tends to 0. 

Proof — A first step consists in proving that the energy of <f> e , 



converges to when e tends to 0. This is a very standard result which can 
be checked as follows: we know that <j) £ is energy minimizing and hence that 
E £ < Ae[f), for all / G C 2 (l\) fl C°(TT £ ) such that / = M on dB m (a,e) 
and / = on dfl. One can choose for / v E (x) := Mx{x)G £ (x — a), where 
X G C 2 {VL £ ) satisfies < % < 1, suppx C B m (a,e ), x = 1 on B m (a,e /2) 
and |Vx| < 4/eo and where G £ is the Green function on W l (GJx) := l ° g ^ 

lOg £ 

if m = 2 and G e {x) : = uim-a if m > 3). Then a straightforward computation 
shows that lim e ^ ^4 e [t> £ ] = 0. Hence 



£ 

div (pV<p £ ) 



M on dB 
on dil 
on f2 e , 



(49) 




\imE £ = 0. 



(50) 



Second we consider, for all s G [0, M], the level sets 



tt s £ := {a; G Q £ /4> £ (x) > s}. 
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Note that the maximum principle implies that <p £ takes values in [0, M\. 
Sard's Theorem implies that the set V c := {s G [0, M]/3x G Q £ such that (f) £ (x) 
s and V(j) e (x) = 0} (critical values) is negligeable (moreover it is also closed 1 ). 
And Vs G [0, M] \ V c , dQ s £ = {x G Q £ /4> £ (x) = s} is a smooth submanifold. 
We let V s be the exterior part of dfl^ so that we have the splitting 

dn s £ = T s UdB m (a,e). 

Using the equation (j4Uj) we observe that, Ws, s' G [0, M] \ V c such that s < s', 

= / -div (pV0 £ ) dx 

= [ -p(V<j )£J iy}dn m - 1 + [ p{V^v)dU m ~ x 



= / plV^ldH" 1 - 1 - p|V0 e |dft m -\ 
Jr s Jr s ' 

where d7i m ~ l is the (m — l)-dimensional Hausdorff measure. Here we have 
used in the last line the fact that, on V s and V s , V0 £ is parallel (and of 
opposite orientation) to the normal vector v. This implies that the function 

[0,M] \ V c 3 s i — ► / p\V(t) e \dn m - 1 is constant. (51) 

We now use the coarea formula to obtain 

p\V<j> £ \ 2 dx = I ds J^p\V<j) £ \ 2 — — 

M r 

m— 1 



n £ Jo 



ds / p\V(j) £ \dl-i 
n J V s 



Thus we deduce that, using (|5*T|). 

VsG[0,M]\K, / 9\<\>e\dU m - x = ^ I p\Vct> £ \ 2 dx = ^. (52) 
We now let F e : [0, M] — > [0, oo) be the function defined by 



F £ (s) := \Q S £ U B m (a,e)\, the Lebesgue measure of tt £ U 5 m (a,£:) 



1 and V c C (0, M) because of the Hopf maximum principle 
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Obviously F e is a decreasing function and so F' £ is a nonpositive measure. 
We can decompose this measure as F' e = (F £ ) a + (F^) s , where (F £ ) a is the 
absolutely continuous part of F' £ and (F £ ) s is the singular part of F' e . Moreover 
F E is differentiable on [0, M] \ V c with 

r J'yjm—X 

v se[ o,M]\K, F.' W =-y r>w 

and supp(F e ') s C V c . We deduce from this identity and from (JS2J), by using 
the Cauchy-Schwarz inequality, that Vs G [0, M] \ V c , 

dH m ~ x 



< 



< 




Hence 



We observe that this inequality extends on the whole interval [0, M] in the 
sense of measure: V c is Lebesgue negligeable and if s is a singular point of 
F £ , then the above inequality holds since the left hand side is a function. We 
next exploit (fo^j) together with the isoperimetric inequality for the subset 
tt s £ U B m (a,e) C R m and its boundary V s : 



m m - l u m F £ {s) m ' 1 = m m ^uo m \n s £ U B m {a,e)\ m ~ l < \T s \ m . (54) 
Then (|53|) and (|54j) imply 

F £ + A; £ F e 2(m " 1)//m < 0, with ke . = AM ( mm -^m) 2/n ^ (55) 

in the sense of measure on [0, M]. 
The case m = 2 
Equation (|55jl then implies 

Vs G [0, M], F e (s) < F £ {0)e' ksS = \fl\e~ ksS . 
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Hence for any compact K C Q \ {a} and for e small enough, by using the 



coarea formula, we have 



f f 101 

||0 e |Ui ( jO= / \Knn s £ \ds< / F e {s)ds < U (1 _ e -^). 

JO JO fc e 

which implies that ||0 e ||£i(in tends to when e — > because fc e tends to oo, 
because of (|50|) . Hence the Lemma is proved in this case. 

The case m > 2 

Let us denote by /? := 2 !2 ^- — 1 G (0,1). We deduce analogously to the 
preceding case that 



VsG[0,M], F £ (s)< 



\n\ 



(i + p\n\i 3 k eS y/' 3 

and thus 

l^l 1 -^ / 1 

which leads to the same conclusion. 



6 The proof of the Main theorem 

We conclude this paper by proving Theorem ^ Let u be a continuous map 
from Q to M and assume that u is C 2 and harmonic with values in (TV, hy) 
on Q\ {a}. Using Theorem 0] with Mq = u(a) we deduce that there exists a 
neighbourhood U u i a ) of u(a) in M such (|41|) holds for any pair of harmonic 
maps into (U^ a \, h^). We hence can restrict u to a ball B m (a, R), where R 
is chosen so that u(B m (a, R)) C U u ( a ). Then we use the existence result OJ 
we deduce that there exists some R 2 G (0, R) such that, for any r G (0, i? 2 ) 
there exists a map u G C 2 ' a (B m (a, r))nC°' a (B m (a, r)) which is harmonic into 
{U u (a)ihij) and which coincides with it on dB m (a,r). Then we choose some 
r G (0, -R2) and we identify u ~ o u and « ~ ^ o « as in Theorem EJ Note 
that it is clear that there exists some A G (0, 00) such that \u\ < A on 
B m (a,r). Now let 

f( x ) ;= (a 2 + \u(x)\ 2 )(a 2 + \u(x)\ 2 ) ^ X) ~ 2 -^ 2 , Wx G B m {a,r). 
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where a has been chosen as in TheoremEJ For any e > such that B m (a, e) C 
B m (a,r), we consider the map <f> £ G C 2 (B m (a,r) \ B m (a,e)) n C°{B m (a,r) \ 
B m (a,e)) which is the solution to 

= M ondB m (a,e) 
= on dB m \a,r) 




where 



on B m (a,r)\B m (a,e), 



P{%) ■= 2 , i 1 7 xi 2 2 , i 1 7 yf2 > VlG^a/) 

cr + |u(xj| z cr + |«(a;j| z 



and 

M :=2A 2 {a 2 + A 2 ){a 2 + A 2 



Clearly we have / < <p £ on d(B m (a, r)\B m (a, e)) and Theorem 0] implies that 
— div (pV/) < = — div (pV0 e ) on B m {a, r) \ B m (a, e). Hence the maximum 
principle implies that f < <fi £ on B m (a, r) \B m (a, e). Now if we fix a compact 
subset X C B m (a,r) \ {a} and suppose that e is sufficiently small so that 
K C B m (a,r) \ B m (a,e), the inequality f < <p £ on K implies 

\\f\\^(K) < \\<Pe\W{K)- 

Letting e tend to and using LemmalHlwe deduce that 1 1/| \lMK) — 0. Since K 
is arbitrary and / is continuous on B m (a, r), we conclude / = on B m (a, r). 
Hence u coincides with u on B m (a,r). Thus u is C 2 ' a on B m (a,r). ■ 



References 

[1] R. Bryant, A duality theorem for Willmore surfaces, J. Differential 
Geom. 20 (1984), 23-53. 

[2] F. Burstall, D. Ferus, K. Leschke, F. Pedit, U. Pinkall, Conformal 
geometry of surfaces in S 4 and quaternions, Lecture Notes in Mathe- 
matics, Springer, Berlin, Heidelberg, 2002. 

[3] D. Gilbarg, N.S. Trudinger, Elliptic partial differential equations of 
second order, Springer- Verlag Berlin Heidelberg 2001. 

[4] F. Helein, Regularity and uniqueness of harmonic maps into an ellip- 
soid, Manuscripta Math. 60 (1988), 235-257. 



27 



[5] F. Helein, Willmore immersions and loop groups, J. Differential Geom. 
50 (1998), 331-385. 

[6] W. Jager, H. Kaul, Uniqueness and stability of harmonic maps and 
their Jacobi fields, Manuscripta Math. 28 (1979), 269-291. 

[7] O. Ladyzhenskaya, N. Ural'tseva, Linear and quasilinear elliptic equa- 
tions, Academic Press, 1968. 

[8] C.B. Morrey, Multiple integrals in the calculus of variations, Grundle- 
heren 130, Springer Berlin, 1966. 

[9] J. Sacks, K. Uhlenbeck, The existence of minimal immersions of 2- 
spheres, Ann. Math. 113 (1981), 1-24. 

[10] E. Stein, Singular integrals and differentiability properties of functions, 
Princeton University Press, 1970. 

Frederic Helein 

CMLA, ENS de Cachan, 61 avenue du President Wilson, 
94235 Cachan cedex, France 
helein@cmla. ens-cachan.fr 



28 



